Abstract-Constructing a monotonicity relating function is important, as many engineering problems revolve around a monotonicity relationship between input(s) and output(s). In this paper, we investigate the use of fuzzy rule interpolation techniques for monotonicity relating fuzzy inference system (FIS). A mathematical derivation on the conditions of an FIS to be monotone is provided. From the derivation, two conditions are necessary. The derivation suggests that the mapped consequence fuzzy set of an FIS to be of a monotonicity order. We further evaluate the use of fuzzy rule interpolation techniques in predicting a consequent associated with an observation according to the monotonicity order. There are several findings in this article. We point out the importance of an ordering criterion in rule selection for a multi-input FIS before the interpolation process; and hence, the practice of choosing the nearest rules may not be true in this case. To fulfill the monotonicity order, we argue with an example that conventional fuzzy rule interpolation techniques that predict each consequence separately is not suitable in this case. We further suggest another class of interpolation techniques that predicts the consequence of a set of observations simultaneously, instead of separately. This can be accomplished with the use of a search algorithm, such as the brute force, genetic algorithm or etc.
I. INTRODUCTION Many real world problems involve systems that satisfy the monotonicity property between input(s) and output(s). In this paper, we assume that specific monotonicity preserving modeling techniques can give a better approximation than that of general modeling techniques, particularly for monotonicity relating problems. For example, various Hermite interpolation techniques are introduced as specific interpolation techniques for curve fitting problems that involve the monotone property. A fuzzy rule base model, or fuzzy inference system (FIS) has been proven to be a universal approximator that can approximate any function to any degree of accuracy [1] . From the literature review, various investigations have been conducted to study the monotonicity property in FISs. For example, Zhao analyzes on the conditions of a Mamdani fuzzy Model to be monotone [2] . We have also shown the importance of the monotonicity property in FISbased assessment models in our previous work [3, 4] .
It has been a new trend to use fuzzy rule interpolation techniques as a solution to incomplete rule base in fuzzy modeling [5, 6] . Getting a complete rule base is not possible all the time, especially for multi-input FISs, as the number of rules required is huge. One of the most important assumptions in fuzzy rule interpolation techniques is to assume all state variables are bounded and Kai Meng Tay is now with the University Malaysia Sarawak, Malaysia. (Corresponding author, email: kmtay@feng.unimas.my ).
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gradual, ordering in all variables exists, and the concept of fuzzy distance is applicable.
Over the years, various improvements of fuzzy rule interpolation techniques have been proposed. The improvements include compatibility with rule base, avoiding abnormal fuzzy set, convexity, normalization, linearity preservation, and variety in membership functions at the input or output space. However, to the best of our knowledge, no investigation on the use of fuzzy rule interpolation techniques in monotonicity preserving FIS has been reported. This further motivates us to examine the use of fuzzy rules techniques in monotonicity relating function approximation problems.
Our investigation starts with a derivation of the conditions for a multi-input FIS to fulfill the monotonicity property with differentiation of its output with respect to its input(s). From the derivation, a set of sufficient conditions is obtained. At the antecedent part, a method to tune the membership functions is suggested. At the consequence part, the derivation stresses on the importance of having a monotone rule base for modeling of a monotone function. In this paper, these conditions are used to develop a monotonic FIS.
From the derivation, firstly, we analyze the ability of fuzzy rule interpolation techniques that is based on the fundamental equation of rule interpolation (FERI) to produce a consequence association which is comparable with that of existing fuzzy rules. This analysis is meaningful, as most of the fuzzy rule interpolation techniques are developed based on FERI. Our analysis points out the importance of having an ordering criterion in the rule selection process. We further propose an ordering criterion for multi-input fuzzy rule base models.
Secondly, we analyze the ability of a fuzzy rule interpolation technique to produce predicted consequences which are comparable among each other. We further point out that fuzzy rule interpolation that predicts each consequence separately with piecewise interpolation techniques may not be a solution for monotonicity relating multi-input fuzzy rule base models. We then re-formulate this problem, and argue the importance of another class of fuzzy rule interpolation technique that predicts the consequence of a set of observations simultaneously, instead of separately.
The organization of this paper is as follows. Section II explains the representative value of fuzzy sets, ordering and distance of fuzzy sets, and a multi-input FIS. Section III discusses a generalization of fuzzy rule interpolation techniques. Section IV presents the derivation of a sufficient conditions of a monotone FIS. In Section V, applicability of fuzzy rule interpolative techniques in FIS models is investigated. Finally, concluding remarks are presented in Section VI.
II. LITERATURE REVIEW ON FUZZY RULE BASE MODELS

A. Representative value of fuzzy sets
Here, the concept of representative value is first introduced. It carries the most typical representative value for overall location or the "most typical" location of a fuzzy set in its domain. The representative value of a given fuzzy set,
rep A is a numerical value in the X domain. There are several ways how this value can be derived, i.e., defuzzification operators. Alternatively, it can be determined by the point with a fuzzy membership function value of 1, assuming that A is a convex and normal fuzzy set.
If a fuzzy set A is convex and normal, with the help of the α -cut method, it is possible to define ( ) ( )
B. Ordering and distance of fuzzy sets
Assuming all inputs ( i x ) and output ( y ) are bounded and gradual as suggested in [7] , then full ordering in i x or y exist. In [6] Referring to the example above, the lower distance is defined as the distance of infima A at their α -cut, the upper distance is calculated similarly from their suprema. The concept of fuzzy distance is important, as it becomes the basis of various fuzzy rule interpolation techniques.
[ ]
In this paper, fuzzy distance and fuzzy order between two fuzzy sets of the same universe can be defined with its representative value. If
Equation (3) defines a measure of a simple fuzzy distance or general closeness between the two fuzzy sets.
Consider a n -input fuzzy rule base model. Let L H . A fuzzy production rule for a multi-input fuzzy rule base model can be generalized as in Equation (4). Here, the product function is used to perform the AND operator in the antecedent part of each rule. The compatibility grade, or known as the firing strength, of the fuzzy rule, i.e., 
... 
...
, as in Equation 
III. A GENERALIZATION OF FUZZY RULE INTERPOLATION TECHNIQUES
Perhaps we can consider the work in [8] as one of the earlier attempts to generalize the concept of fuzzy rule interpolation. In this paper, we explain a generalized concept of fuzzy rule interpolation, which is divided into three steps:
Step (1 
Assume that we have avaiable n original rules. In
Step (1) 
IV. FULFILLMENT OF THE MONOTONICITY RELATING
PROPERTY
Consider an FIS that fulfills the condition of monotonicity between its output with respect to its th i input, within their universe of discourse. The output of the fuzzy model either monotonically increases or monotonically decreases as i x increases, which can be generalized as in Equation (9) 
The derivative of Equation (5) indicates that a logical monotone rule base, either increasing or decreasing, is needed. Again, this finding is in harmony with the analysis in [4] for a two-input FIS, which states that as long as the rule base is monotone, a two-input conventional Mamdani FIS can be roughly monotone
Condition (2) can be viewed as a guideline for tuning the input fuzzy membership function. As such, we suggest to adjust the membership function in order to fulfill
This condition is interesting, and can be further formulated as in Equation (11).
It is possible for us to interpret Equation (12) as the ratio of the change of the degree of membership/truth value with respect to the degree of membership/truth of fuzzy set ( ) x μ . Note that this ratio is widely used in the study of elasticity in mathematics and economy [10] .
These conditions are named the sufficient conditions [4, 5, 11] . Note that derivation of the necessary condition can be a good research direction. respectively. Considers that membership functions at 1 X and 2 X domains is generated based on Condition (2) as in Equation (11) .
V. FURTHER ANALYSIS AND PROBLEM FORMULATION
Assume that monotonicity order among all the existing rules is applied. As an example, at the fourth row,
, and at the fifth
other than row and column, the monotonicity order occurs in diagonal, e.g., B2 
A. Analysis 1
Our first investigation focuses on the ability of fuzzy rule interpolation that based on FERI to predict a consequence of an observation that is comparable the avaiable n existing rules.
To predict * B1 , at least two existing rules need to be selected. A number of solutions propose to make a selection based on the Euclidian distance. Referring to the example in Figure 1 , the nearest available rule from observation * A1 are R4 , followed by R3. Assuming R4 and R3 are chosen, with the fuzzy rule interpolation technique that is based on the FERI concept as in Equation (8) 
{ }
rep B3 is a low value. Therefore, the rule selection process in a multi-input FIS may not depend on the Euclidian distance only, but should be paired with an ordering criterion.
We suggest to divide the rule base to three regions, as in Figure 1 . Darker grey represents the higher region, lighter grey represents the lower region, and white represent the non-significant region.
Any rule or observation falling within the higher region should have a consequent with a numerical representative value higher than { } * rep B1 . Any rule or observation falling within the lower region should have a consequent with a numerical representative value lower than { } * rep B1 . The Nonsignificant region is region which does not contribute to the fuzzy rule interpolation process.
For a fuzzy rule interpolation, we propose that the interpolation process must be made between a rule fall under lower region and a rule fall under higher region. With example in Figure 1 , to predict { } * rep B1 , we should consider R1 or R5 as rule from lower region. For upper region, R2, R4 or R6 should be considered. We view this as an ordering criterion for monotonicity relating fuzzy models.
B. Analysis 2
Our second investigation focuses on the ability of a fuzzy rule interpolation technique (based on the FERI concept) to give a comparable prediction among all predicted consequences with response to the 
C. Problem re-formulation
For those reasons, we argue that FERI may not be a solution for rule interpolation for monotonicity relating multi-input FISs.
To allow comparison among all predicted rules, a combination of predicted conclusion that fits to certain ordering criteria is needed.
A fuzzy rule interpolation technique that solves this problem, g , can be formulated as in Equation (12). Equation (12) suggests another class of fuzzy rule interpolation techniques or mechanism, which predicts all the conclusions simultaneously, instead of separately as in Equation (8) 
We argue that g can be a deterministic function, such as some monotonicity preserving function. It is possible to assume g to be a non-deterministic function, e.g., use the genetic algorithm to search for a set of combinations of conclusions that fulfill the ordering criterion as the hard constraint, and with optimization based on distance among the observation and the existing rules, and conclusion associated with existing rules.
VI. SUMMARY
In this paper, we investigate the use of fuzzy rule interpolation techniques for monotonicity relating fuzzy rule base models. In our investigation, a sufficient condition for an FIS to be monotone is provided, and two conditions have been proposed. Condition (1) relates to the need of a monotonicity rule base, and Condition (2) can be viewed as a method to tune the membership function at the antecedent part. Condition (2) can be transformed to the form of elasticity.
We generalize the concept of FERI based fuzzy rule interpolation techniques. We further analyze the use of fuzzy rule interpolation techniques on monotonicity relating fuzzy rule base.
In this paper, we pointed out the importance of an ordering criterion in rule selection. Also, we point out that a simple fuzzy rule interpolation approach (based on FERI) that predicts each consequence separately may not be a solution to multi-input FISs. We further propose another class of fuzzy rule interpolation techniques or mechanism which predicts the entire conclusion simultaneously, as a solution to this problem. This could be performed with the use of a search algorithm, such as the brute force, genetic algorithm or etc. 
